Let / be an ideal in a local Cohen-Macaulay ring (A, m). Assume / to be generically a complete intersection of positive height. We compute the depth of the Rees algebra and the form ring of / when the analytic deviation of / equals one and its reduction number is also at most one. The formulas we obtain coincide with the already known formulas for almost complete intersection ideals.
INTRODUCTION
Let (A, m) be a local ring, and / an ideal of A. Denote by ht (/) the height of /, and by /(/) the analytic spread of /. In [14] , S. Huckaba and C. Huneke defined the analytic deviation of / as the diference 1(1) -ht (/). Denote by ad (/) this number. Analytic deviation zero ideals are the so-called equimultiple ideals, which have been extensively studied by several authors (see [7] for an account of the results concerning the Blowing Up rings of these ideals). Recently, many interesting properties about the Rees algebras and the associated graded rings of ideals with small analytic deviation have been discovered, see e.g. [4, 5, 6, 14, 15, 20, 21, 24] . These results are mainly related to the Cohen-Macaulay and Gorenstein properties of the Rees algebras and form rings of ideals with analytic deviation 1 or 2, and they become particularly good when the reduction number of / is also small. Then, there exists a minimal reduction J of I which is very "near" to / and, roughly speaking, one is able to transfer some of the properties of the Rees algebra and the associated ring of J to those of /. This point of view has been systematically used by W. V. Vasconcelos in [24] (cf. [22] ).
A minimal reduction of a generically complete intersection ideal with analytic deviation 1 is an almost complete intersection (see Section 2 for the definitions of generically complete intersection and almost complete intersection ideals). The Rees algebra and the associated graded ring of almost complete intersection ideals in a Cohen-Macaulay ring are quite well understood, see e.g. [2, 3, 9, 23] .
In particular, the depth of both graded rings is known due to M. Brodmann [2] (cf. [9] ). Our aim in this note is to obtain similar formulas for the depth of the Rees algebra and the associated graded ring of a generically complete intersection ideal, with analytic deviation 1 and reduction number at most 1, in a local Cohen-Macaulay ring. This is achieved by means of the following result. Denote by R(I) and G(I), respectively, the Rees algebra and the associated graded ring of /, and by r(I) the reduction number of /.
Theorem (Theorem 3.1). Let (A, m) be a local Cohen-Macaulay ring, and I an ideal of A with ht (/) > 1. Assume I to be generically a complete intersection with ad (I) = 1. If r(I) < 1, then the following hold:
(i) depth G(I) = min{dim A, depth A/1 + ht (/) + 1} .
(ii) depth R(I) = minjdim A + l, depth A/1 + ht (/) + 2}.
These formulas coincide with the above cited for almost complete intersection ideals. Now we give a brief description of the content of this note. In Section 2 we collect the most important technical results we shall use in the proof of Theorem 3.1, which is given in Section 3. In Section 4 we give other related results. First, we show that under the conditions of Theorem 3.1, the depth of the Rees algebra of any power of / is the depth of the Rees algebra of /, and similarly for the associated graded ring (Theorem 4.3). This result has been proved by J. Ribbe in [19] for almost complete intersection ideals in a Cohen-Macaulay ring. We also show that if / is an ideal which verifies the hypothesis of Theorem 3.1, then the Rees algebra R(I) satisfies Serre's property S2, when A/I satisfies Si (Theorem 4.4) . The corresponding result for almost complete intersections has been proved by P. Brumatti, A. Simis, and W. V. Vasconcelos in [1] .
Throughout this paper, (A, m) will always be a ¿/-dimensional local ring with maximal ideal m and infinite residue field A/m. If I is an ideal of A, p(I) denotes the minimal number of generators of /, and /(/) its analytic spread, i.e. the minimal number of generators of a minimal reduction of /. The diference ad (/) = /(/) -ht (/) is then the analytic deviation of /. If / is a minimal reduction of /, we shall denote by rj(I) the reduction number of / with respect to /, which is the least integer n such that I"+i = JI" . The reduction number of / is then defined as r(I) = min{o (7) , J a minimal reduction of 1} . The graded ring R(I) = ®">0 Intn c A[t] is the Rees algebra of /, and G(I) = ©«>o I"IIn+x the associated graded ring of /. If S is a Noetherian graded ring defined over A and JÍ is the maximal homogeneous ideal of S, we shall denote by H^(-) the i-th local cohomology functor with respect to J?.
Preliminaries
Let / be an ideal of A. Recall that / is said to be an almost complete intersection if p(I) = hi (I) + 1, and Ip is a complete intersection for all minimal prime ideals p £ Min (A/1). Furthermore we say that / is generically a complete intersection if ß(Ip) = ht (I) for all minimal prime ideals p £ Min (A/1). Our first observation is that a minimal reduction of an analytic deviation one ideal is an almost complete intersection. Proof. Since ad(/) = 1, p(J) = ht(/)+l = ht(/)+l.
Moreover, Min (A/1) = Min (A/J), Ip being a complete intersection for all p G Min (A/1). Since Jp is a reduction of Ip, we have Ip = Jp for all p e Min(^4//). Hence J is an almost complete intersection.
If A is Cohen-Macaulay, it is then possible to find nice minimal systems of generators of almost complete intersection ideals, see [8] . The next lemma summarizes the main properties of these families of generators. Now we establish some basic relations between the Rees algebra of an ideal with small analytic deviation and the Rees algebra of its minimal reductions. They can be deduced from several parts of [24] . For completeness we give a proof along with the statement. (®">0 In+l/IJ" is the Sally-module of / with respect to /, see [24] ). Since r(I) < 1, In+i = IJ" for all n > 0 and the Sally-module vanishes. Thus IR(J) = IR(I).
We finish this section with two variations of [13, Proposition 2.2]. The proof is straightforward, hence we leave it for the reader. 
Other results
In [19] , Ribbe has shown that if / is an almost complete intersection ideal in a Cohen-Macaulay ring A, the depth of the Rees algebra of any power of / equals the depth of the Rees algebra of /, and similarly for the associated graded rings. Next, we extend these results to analytic deviation one ideals with small reduction number in a Cohen-Macaulay ring. We need the following two lemmas. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use By [9, Proposition (1.7)], we have depth G(J) > s. From (6) we get depth C(l) > s; hence from (7) we obtain injections [H^(G(J)/IG(J))]j ^ [HS^(G(I))]} for all j, which implies that [H^,(G(I))]j ¿ 0 for all j <-g. Now assume depth A/1 > 0. As in the proof of Theorem 3.1, we follow by induction on ht (7) . Hence if ht (7) = 1, we have an exact sequence (8) 0 (11), and by induction, we obtain [H^(G(I))]j ^ 0 for all j < -g, and from (10) we obtain [HsJl (R(I))]j / 0 for all j <-g, since ax is a non-zerodivisor of 7\ (7) . This completes the proof. (7)) as we wanted to prove.
Finally, if dim .4/7 < 1, G(I) is always Cohen-Macaulay by Theorem 3.1.
Hence (7(7) is Sx , and the proof is now complete.
Remark 4.5. Note that in Theorem 4.4, the assumption ,4/7 satisfies property Si can be weakened in the following sense: It suffices to assume that if dimv4/7 > 2, then depth A/I > 0. Recall that if 7 is an ideal of A with positive grade, the Ratliff-Rush closure of 7 is defined as 7 = \Jn>x(In+l : I").
In [18] , K. Raghavan has shown that if A is a Cohen-Macaulay domain and 7 is an ideal of A with ht (7) = g > 1, which is generically a complete intersection, of analytic deviation 1, and such that all the associated primes of 7 have height at most g + 1, and if there exists a minimal reduction J of I such that rj(Ip) < 1 for every prime ideal p D 7 with ht(p/7) = 1, then 7 = 7. As a consequence of Theorem 4.4 we obtain the following.
Corollary 4.6. Let iA, m) be a local Cohen-Macaulay ring, and I an ideal of A with ht (7) = g > 1. Assume that I is generically a complete intersection with ad (7) = 1. Suppose also that the associated primes of I have height at most g + 1, and that there exists a minimal reduction J of I such that rj{Ip) < 1 for all prime ideals pD I with ht (p/7) < 1. Then 7" = 7" for all n>l. 
